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Weakly Gibbsian Measures and Quasilocality:
A Long-Range Pair-Interaction Counterexample

R. Lefevere!
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We exhibit an example of a measure on a discrete and finite spin system whose
conditional probabilities are given in terms of an almost everywhere absolutely
summable potential but are discontinuous almost everywhere.
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1. INTRODUCTION

This note is intended to provide a simple example of the non-equivalence
of different notions introduced recently in order to generalize the standard
Gibbs theory. We want to consider the difference between weakly Gibbsian
measures and almost Gibbsian measures.

We shall work on a spin system whose configuration space is given by
Q=1{0, +1}%’. We denote by s an element of Q and by s, an element of
Q,=1{0, +1}4, for A<=Z“ Consider potentials (interactions) @ =(®y)
which are families of functions

Dy Qy—R (1)

indexed by Xe ., | X| < co. We say that a potential is Q-pointwise abso-
lutely summable, with Q < Q, if

Y D y(sy)| < oo VxeZ VseQ (2)
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Then, if Q is in the tail-field, one may define a Hamiltonian in a finite
volume V with boundary conditions §e Q by the usual formula:

H(sy |§ye) = Z DPy(Sxny V Sxnpe) (3)

XnV#J

where s,€Q,,, 5. is the restriction to V¢ of §eQ and, for Xn Y=,
Sy v sy denotes the obvious configuration in Q4 y. We say that a measure
on Q is weakly Gibbsian if there exist a translation-invariant set Q, and a
Q-pointwise absolutely summable interaction @ such that 4(Q2) =1 and for
u there exists a version of the conditional probabilities that satisfy V1V = Z7,
| V| finite, Vs, € Q,,

Z Y5ye)exp(—H(sy | 5ye))  for §5eQ

0 for 5¢Q 4)

sy | $p0) = {

Although the set Q is required to be translation invariant, this defini-
tion also include non-translation invariant measures.

A function f on Q is said to be quasilocal at a certain s, if s is a point
of continuity of f in the product topology on £, i.e.,

Ve >0, 3V(s) such that if s =5y, we have, | f(s)— f(s')] <e (5)
A function f is essentially discontinuous at s if
30>0,VV,3s', st. s, =s,and V", V" > Vs.t. Vs”
st sy =50, | f(5") = f(s)| >0 (6)

The difference between discontinuity and essential discontinuity is impor-
tant in our context. Indeed, the points of essential discontinuity of a system
of conditional probabilities can not be tranformed into points of continuity
by modifying the conditional probabilities on a set of measure zero.

A measure ¢ on Q is said to be almost Gibbsian® if there exists a
version of its conditional probabilities that is quasilocal (as a function of
the conditioning) p-almost everywhere.

The quasilocality everywhere of the conditional probabilities is an
important characterization of the measure due to a theorem by Kozlov and
Sullivan.®” This theorem states that if a measure has a system of condi-
tional probabilities that is quasilocal everywhere then, modulo a uniform
positivity condition on the conditional probabilities, the measure is a
Gibbs measure in the standard sense and the converse is also true.

The relationship between the two definitions introduced above (i.e.,
weakly and almost Gibbsian) is not clear a priori. A generalization of the



Weakly Gibbsian Measures and Quasilocality 787

result of Kozlov and Sullivan was obtained in ref. 4 for almost Gibbsian
measures. Almost Gibbsian measures are also weakly Gibbsian. But, for
example, the conditional probabilities of some measures obtained after a
Renormalization Group transformation on the Ising model at low tem-
perature have a non-empty set of points of essential discontinuity.® While
the size of the measure of this set is unknown, it is shown, as in the
Schonmann example,®> that those measures are weakly Gibbsian.(")

We provide here an example of measure x4 on Q that is weakly
Gibbsian but whose conditional probabilities are essentially discontinuous
on a set of u-measure 1. Our example is similar to the one given in ref. 4
but different in the sense that we are able to prove that the set of points
of discontinuity is of measure 1 with respect to the measure under study,
the form of our interaction being extremely simple (pair-interactions).
Besides our model is defined in any dimension d (but is not translation
invariant, as in ref. 4).

2. RESULTS

Consider the measure on Q

_ exp —H(s)

u(ds) Z

Ho(ds) (7)

with u, the product measure, H(s) is formally given by

H(s)= i 21+l (8)

i, jeZ4

and obviously Z={exp —H(s) pio(ds). Z is well-defined (finite although
being defined in the infinite volume limit) because exp — H(s) is a limit of
measurable functions and it is uniformly bounded on €, besides it is
obviously non-zero.

Remark. Our argument in this note can be easily generalized to a
Hamiltonian defined like in (8) but with 21"!*1/! replaced by ¢, with ¢,
such that ¢,;,>0 and ¢, — oo as |i| — oo. The positivity of ¢ is enough to
guarantee the fact that exp — H(s) is uniformly bounded on 2 and thus
that the partition function Z is well-defined.

It is easy to see that H(s) is finite on the set

Q,={seQ[3V(s) a cube, Vn¢ V(s)s,=0} (9)
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Proposition 1.
u(@,) =1 (10)

Proof. Let us prove that u(Q2g)=0. One has, Q¢ = (J_, Q2 with,

Qy={seQ|Inst [n|=>Ns,=1} (11)
and also,
ove U 4, (12)
n:|ln|=N
with,
Q,={seQ]s,=1} (13)
Now, we write,
exp —H(s)

w2, =u(s,=1)= %

sis,=1

~ (14)

and using the Hamiltonian (8), we see that this expression is bounded from
above by

exp —H(s)

———=¢ (s, =0)<e 7" (15)

6_22 In] Z

s:5,=0

because we have H(s)— H(5)>22"if 5 is such that s, =1 and § such that
.STn = 0, .STZd\{n} = de\{n} .

From the bound (15) it is easy to conclude that u(Qy) <c
and thus that x(Qg) =0, which concludes the proof.

We can then easily compute the conditional distribution of the spin at
the origin and get

Nd—le—ZZN

1
T+ exp(—(1—250) Xy 0 202715,

u(so | Sqoye) = (16)

Obviously, this conditional probability is expressed in terms-of long-range
two-body interactions and we may define the relative energy function of the
spin at the origin.

ho(s)=(1—2s0) ¥ 2Wls, (17)

keZd
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Obviously, just as H(s), it is (absolutely) summable on Q,. To conclude,
we need to show that this function is not only discontinuous but essentially
discontinuous on £,.

Proposition 2. /1, is essentially discontinuous on €2, in the product
topology on Q.

Proof. From the definition of A, in (17) and 2, in (9), it is easy to
see that if seQ, and s'€Q, are such that sy, =5, and s, # sk, then
|ho(s) — ho(s')| = 2% (ke V<(s)). It is then easy to see that A, is essentially
discontinuous on £,; for any se Q,, in (6) take =1 and VV, choose V"
and s’ as follows, take 7" a finite (connected) set such that V" = (V' u V(s))
and s a configuration such that s 5 =5y, and Spnoro ) 7
Syn(vo sy Then for any configuration s” such that s%. =s%., it is clear
that one has |hy(s") — ho(s)| > 1.
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